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Abstract 

By direct calculations of matrix form of super Jacobi and mixed super Jacobi identities which are obtained 
from adjoint representation, and using the automorphism supergroup of the Lie superalgebra, we 

determine and classify all gl{l\l) Lie superbialgebras. Then, by calculating their classical r-matrices, the 
grZ(l|l) coboundary Lie superbialgebras and their types (triangular, quasi-triangular or factorizable) are 
determined, furthermore in this way super Poisson structures on the GL(1|1) Lie supergroup are obtained. 
Also, we classify Drinfeld superdoubles based on the (7/(l|l) as a theorem. Finally, as a physical application 
of the coboundary Lie superbialgebras, we construct a new integrable system on the homogeneous superspace 
OSp{l\2)/U{l). 
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1 Introduction 



From the mathematical point of view, the classification of Lie bialgebras can be seen as the first step in the 
classification of quantum groups. Many interesting examples of Lie bialgebras based on complex semisimple Lie 
algebras have been given by Drinfeld [1 . A complete classification of Lie bialgebras with reduction was given in 
[2] . However, a classification of Lie bialgebras is out of reach, with similar reasons as for Lie algebra classification. 
In the non-semisimple case, only a bunch of low dimensional examples have been thoroughly studied [3J|31[S]. 
On the other hand, from the physical point of view, the theory of classical integrable systems naturally relates 
to the geometry and representation theory of Poisson-Lie groups and the corresponding Lie bialgebras and their 
classical r-matrices (see for example ^Bj). In the same way, Lie superbialgebras '7|, as the underlying symmetry 
algebras, play an important role in the integrable structure of AdS/CFT correspondence [8j. Similarly, one 
can consider Poisson-Lie T-dual sigma models on Poisson-Lie supergroups [5]. In this way, and by considering 
that there is a universal quantization for Lie superbialgebras jlOj . one can assign an important role to the 
classification of Lie superbialgebras (especially low dimensional Lie superbialgebras) from both, physical and 
mathematical point of view. Until now there was distinguished and nonsystematic ways for obtaining low 
dimensional Lie superbialgebras (see for example I12j ). In the previous paper, we presented a systematic 
way for obtaining and classificating low dimensional Lie superbialgebras using the adjoint representation of Lie 
superalgebras [13]. Here, we apply this method to the classification of the gl{\\l) Lie superbialgebras. Note that 
the classification of the quantum deformations of the f;/(l|l) Lie superalgebra was obtained previously in Ref. 
|14) . Indeed here, we present the classical version of that work in another method. Furthermore, the physical 
models on the GL(1|1) Lie supergroup such as WZW model and its relation to logarithmic CFT have been 
recently studied [15] (see, also [16]). So, for these reasons, obtaining of the gl{\\l) Lie superbialgebras is the 
first step in the presentation of super Poissin-Lie symmetry [9j in such models. 

The paper is organized as follows. In section two, we review some basic definitions and notations that are used 
throughout the paper. Matrix form of super Jacobi and mixed super Jacobi identities [13 of Lie superbialgebras 
is rewritten in that section. A list of indecomposable four-dimensional Lie superalgebras of the type (2, 2) [T7] is 
offered in section three. Furthermore, in that section we give the complete list of decomposable Lie superalgebras 
of the type (2, 2). The automorphism Lie supergroup of the (7/(l|l) Lie superalgebra is also presented in section 
three. Then, using the method mentioned in [T3], we classify all gl{l\l) Lie superbialgebras in section four; the 
details of calculations are also explained. In section five, by calculating the classical r-matrices of the (7/(l|l) 
Lie superbialgebras, we determine their types, furthermore in this way, we obtain all super Poisson structures 
on the GL(1|1) Lie supergroup. Section six is devoted to the classification of the Drinfeld superdoubles based 
on the 5Z(1|1); the isomorphism matrices between all the Manin supertriples generated by gi(l|l) have given 
in appendix A. Finally, in section seven, by using the classical r-matrices of the g^ljl) we construct a new 
integrable system on a supersymplectic supermanifold, namely the homogeneous superspace 0Sp{\\2)/U{l). 
Some remarks are given in the conclusion section. 



2 Definitions and notations 

Here, we apply DeWitt notations for supervector spaces, supermatrices, etc [18\ In this way, for self-containing 
of the paper, we recall some basic definitions and a proposition on Lie superbialgebras [^ [71 IT5]. 

Definition 1 A Lie superalgebra Q is a graded vector space Q — Qb © Qf with gradings grade[QB) = and 
grade{QF) — 1 so that Lie bracket satisfies the super antisymmetric and super Jacobi identities, i.e., in the 
graded basis {Xi} of Q we have^ 

[X,,X,]^f\^Xu, (1) 

and 

i-if'+'TMf'k^ + r\ifjk + (-i)'''+^V™«/'., = 0, (2) 

^ Note that the bracket of one boson with one boson or one fermion is usual commutator, but for one fermion with one fermion is 
anticommutator. Furthermore, we identify grading of indices by the same indices in the power of (-1), for example gradingii) = i; 
this is the notation that DeWitt applied in 1181 . Meanwhile we work in the standard basis 1181 . i.e., in writing the basis of Lie 
suparalgebras, we consider bosonic generators before fermionic ones. 



2 



so that 

f\j = -(-l)'V^,. (3) 

Furthermore, we have 

f^ij=0: if grade{i) + grade{j) ^ grade{k) {mod2). (4) 

Note that using the adjoint representation 

iXrh'^-f\„ (.y),k=-f,„ (5) 

the super Jacobi identities can be rewritten in the foUowing matrix form |13| : 

(A-o/A-fc - x,x, + i-iy^x,x, = 0. (6) 

Let Q he a finite-dimensional Lie superalgebra and Q* be its dual superspace with respect to a non-degenerate 
canonical pairing (. , .) on Q* ® G ■ 

Definition 2 A Lie superbialgebra structure on a Lie superalgebra G is a linear map S : Q — > Q ®Q (the super 
cocommutatorj so that 

1) 5 is a super one-cocycle, i.e., 

5{[X, Y]) = {adx + adx)S{Y) - (ady (E> I + L (g) ady)5(X), VX, Y eG, (7) 

where |X|(|y|) indicates the grading of X(Y). 

2) The dual map *(5 : 5* ^* — G* is a Lie superbracket on G* , i-C, 

{^®ii,5{X)) = C5{^®v).X) = {[^,in\*,X), VXeG;LveG*. (8) 

The Lie superbialgebra defined in this way will be denoted by {G,G*) or {G,S) [71 113|. 

Definition 3 A Lie superbialgebra is coboundary if the super cocommutator is a one-coboundary, i.e., if there 
exists an element r £ G ®G such that 

5{X) = (/ (g) adx + adx ® I)r, e G- (9) 

Proposition 4 Two coboundary Lie superbialgebras {G, G*) and {G' , G*') defined by r £ G ®G and r' £ G' ® G' 
are isomorphic if and only if there is an isomorphism of Lie superalgebras a : G — > G' such that {a ® a)r — r' 
is G' invariant 141, i.e., 

{I(g> adx + adx (E> I)iia (g> a)r ~ r') ^ 0, ^XeG'- (10) 
Definition 5 Coboundary Lie superbialgebras can be of two different types: 

(a) if we denote r = r"^^ Xi ® Xj and r be a super skew- symmetric solution (r^^ = —(—ly^r^') of the graded 
classical Yang-Baxter equation ( GCYBE) 

[[r,r]]=0, (11) 
then the couboundary Lie superbialgebra is said to be triangular; where the Schouten superbracket is defined by 

[[r,r]] = [ri2,ri3] + [ri2,r23] + [?-i3,r23], (12) 

such that ri2 = r^-^Xj ® Xj ® I, ri3 = r^^ X^ ®l® Xj and r23 = r'n <Si Xi<^ Xj. A solution of the GCYBE is 
often called a classical r-matrix. With regard to the fact r has even Crassmann parity and Crassmann parity 
of r^-' comes from indices, i.e., r*-' =0 if i + j = 1, one can show that 

[ri2,ri3] - (-f)^('^+')+-''' r^-'V'^' [X,,Xk]®X,^Xi, 
[ri2,r23] = (-f)(*+^)('=+') r'^r""' X, ® [X,,Xk]^Xi, 
[m,r23] - (-f r^V"' X,(^Xk® [Xj,Xi], 

(b) if r is a solution of GCYBE such that ryi -t- r2i is a G invariant element of G 'Si G, then the coboundary 
Lie superbialgebra is said to be quasi-triangular. Moreover, if the super symmetric part of r is invertible, then 
r is called factorizable. 
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Sometimes condition (b) can be replaced with the fohowing: 

{b') if r is a super skew-symmetric solution of the modified GCYBE 

[[r,r]]=n7, weA^G, (13) 

then the coboundary Lie superbialgebra is said to be quasi-triangular j7]. 

Note that if is a Lie superbialgebra then Q* is also a Lie superbialgebra [7], but this is not always true for 
the coboundary property. 

Definition 6 A Manin supertriple is a triple of Lie superalgebras (V^Q^Q) together with a nondegenerate ad- 
invariant supersymmetric bilinear form < . , . > onV, such that 

(1) Q and Q are Lie subsuperalgebras of T), 

(2) T) — Q ® Q as a supervector space, 

(3) Q and Q are isotropic with respect to < . , . >, i.e., 

< X,,X, >=< X\ 0, 5^ - < X,, X' > = (-l)^-'' < X^X, {-ly^S^,, (14) 

where {Xi\ and {X^} are basis of Lie superalgebras Q and Q, respectively ^ \1S^. 

Note that in the second equation of the (ITi|) . 5^ i is the ordinary delta function. There is a one-to-one corre- 
spondence between Lie superbialgebra {Q,Q*) and Manin supertriple [V^Q^Q) with Q = Q* . If we choose the 
structure constants of Lie superalgebras Q and Q as 

[X,, X,] = f\^Xk, [X\ X^ = r\X\ (15) 

then ad-invariance of the bilinear form <., . > onV — Q G)G implies that [T3] 

[x,,x^] = i-iyf\Xk + i-lYf^^X^ (16) 

Clearly, using Eqs. ([8|), and dH]) we have 

6{X,) = {-iy''f'\X,^Xk, (17) 
note that the appearance of (—1)^*^ in this relation is due to the definition of natural inner product between 

g (g, g und g* (g) g* as {x' x3,Xk (g> Xi) = {-lyH'kS^i. 

As a result, if we apply this relation in the super one-cocycle condition ([7]), the super Jacobi identities ([2]) for 
the dual Lie superalgabra and the following mixed super Jacobi identities are obtained: 

rm fil ri rml , rl rim i / -i \jl ri ?ml i / -i \ik rl rim /-i q\ 

/ jkJ m — J mkJ j ^ J jmJ k + \~ ^ J JjmJ k + \~ ^ J JmkJ j- [^'^J 

This relation can also be obtained from super Jacobi identity of V. As mentioned in Ref. |13j . using the adjoint 
representation, the matrix form of mixed super Jacobi identities has the following form: 

{x^fi y = -(-i)'=(i'"*)^' y + y^x' - {-ly^yx^ + {x^y y^, (19) 

where index k represents the column of matrix X^* and superscript st stands for supcrtranspose. 



3 Lie superalgebras of the type (2, 2) 

In this section, we use the classification of four-dimensional Lie superalgebras of the type (2,2) listed in |17) . 
In that classification, Lie superalgebras are divided into two types: trivial and nontrivial Lie superalgebras for 
which the commutation of fermion-fermion is zero or nonzero, respectively [As we use DeWitt notation here, 
the structure constant Cpp must be pure imaginary in the standard basis.]. The results have been presented 
in tables I and II. Note that in 17^ only the indecomposable Lie superalgebras are classified. Here we also 
consider decomposable Lie superalgebras of the type (2, 2) as presented in table III. As the tables indicate, 
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the Lie superalgebras have two, {Xi,X2} bosonic and two, {X^jX^} fermionic generators. The labehng of the 
trivial Lie superalgebras is such that the letters A, B, C and D with integral superscripts i and real subscripts 
p and q, denote the equivalence classes of Lie superalgebras of dimension d, where d= 1 for A, d=2 for B, d=3 
for C and d=4 for D. The superscript i and real subscripts p and q denote the number of non isomorphic Lie 
superalgebras and the Lie superalgebras parameters, respectively. For the nontrivial Lie superalgebras, we add 
the bracketed symbol to the corresponding trivial Lie superalgebra, where necessary, an integral superscript 
and a real subscript. 



TABLE I. Trivial indecomposable Lie superalgebras of the type (2,2). 

Q Non-zero commutation relations Comments 

13= [XuX3]=X3, [XuX4]=X4, [X2,X4]=X3 

D6 lXi,X3]=X3, lXi,Xi]=X4, [X2,X3] = -X4, lX2,Xi]=X3 

Dl, [Xi,X2]=X2, [XuX3]=pX3, [Jfi.Xi] = 9X4 P9#0, p>q 

Dl [Xi,X2]=X2, [Xi,X3]=pX3, [Xi,X4] = X3 +pX4 p#0 

[Xi,X2]=X2, [XuX:i]=pXi-qXi, [X^, Xi] = qX-i + pX^ g>0 

Dl° [Xl,X2]=X2, [Xl,X3] = (p+l)X3, [Xl,X4]=pX4, [X2,Xi]=X3 



TABLE IL Non-trivial indecomposable Lie superalgebras of the type (2, 2). 



Non-zero (anti) commutation relations 



Comments 



(.D\ 

2 2 

(Dp 

{dI ) 

(2Ai,i + 2Ayi 

(2Ai,i+2A)l 
iCl + A) 

{C +A) 
(Co= + A) 



[Xi,X2] -- 
[X1..X2] -- 

[XuX2] -- 
[Xi,X2] -- 
[Xi,X2] -- 
[Xi,X2] -- 
lXi,X2] -- 
lXi,X2] -- 

{^3:^3} 
{X3,X3} 
{X3.X3} 
[Xl,X2] -- 

[Xi.Xa] -- 

[Xi , X4] -- 
[X1..X3] -- 



X2, [Xi,X3] = iX3, [Xi,X4] = iX4, {X3,X3} = iX2, {X4,X4} = »X2 
X2, [Xi,X3] = iX3, [Xi,X4] = iX4, {X3,X3}=iX2, {X4,X4} = -»X2 

X2, [Xi,X3] = iX3. [Xi,X4] = iX4, {X3,X3}=iX2 

X2, [Xi.X3]=pX3, [Xi,X4] = (1 -p)X4, {X3.X4} = iX2 
X2, [Xi,X3] — ^X3, [Xi , X4] — X3 -i- ^X4, {X4,X4}— 2X2 

X2, [Xi,X3] = iX3 -pX4, [Xi,X4]=pX3-|-iX4, {X3,X3} = iX2, {X4,X4}=»X2 
X2, [Xi.X3l=X3, [X2,X4]=X3, {X4.X4} = iXi, {X3 , X4 } = i X2 
X2, [Xi.X3l=X3, [X2,X4]=X3, {X4.X4} = ~iXi, {X3,X4} = »iX2 
} = iX2. {X3,X4} = iXi 
} = iX2. {X3,X4} = ip(Xi -f-X2) 
} = iX2, {X3,X4} = ip(Xi -X2) 
= X3, {X3,X4} = lX2 
= -X4, {X3,X4} = lX2 



[Xl,X3] = 
[X1.X3] = 
[X1.X3] = 

— iXi , {X4 , X4 

— iXi , {X4 , X4 

— iXi , {X4 , X4 

-- X2, [Xl,X3] = 
= X3, [Xl,X4] = 

— X3, {X4, X4} - 

— — X4, [Xi, X4] 



iX2 

X3, {X3,X3} = »X2 {X4,X4} = jX2 



p > 



Nilpotent 

p > Nilpotent 

p > Nilpotent 

Jordan- Winger 

quantization 

Nilpotent 



The Lie superalgebra A is one dimensional Abelian Lie superalgebra with one fermionic generator where Lie superalgebra Ai^i is 
its bosonization. 

Note that, as mentioned in Ref. [1^ the four-dimensional Drinfeld superdoubles are equal or isomorphic to 
some of the Lie superalgebras of table II in the following way 

{C\+A) = (5,7(1,1)) - (S,(Ai,i+A)) = (i3,(Ai,i+A).z). 

So four-dimensional Drinfeld superdoubles have no new results for table II. As mentioned above, in the following 
table we give all possible decomposable Lie superalgebras of the type (2, 2). 
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TABLE III. Decomposable Lie superalgebras of the type (2,2). 



g 




Non-zero (anti)commutation relations 


Comments 




Trivial -^(2,2) 


All of the (anti)commutation relations are zero. 






B ffi 


B 








Cp i 


B A 




t \oj 






B Ai,i 


iXi Xo] — Xo \X-, Xa] — nXA 


n ^ 1 1 ^ 1 






2A 




— ^p = w 




B® 


Ae Ai,i 


\ X-, Vol — X; 

L^li ^3J — ^3 


= <-'p=0 to '^l.l 






B Ai,i 


iXi XA — Xo 
1^1 1 ^4J — ^3 


N i 1 p 1 c rit 






B Ai,i 


r Vol — rv-, vj — v., 4- v^ 








B Ai,i 


[Xi , X3] = pXs - X4 , [Xi , X4] = X3 + pX4 


p > 




Nontrivial {2A 


i,i+2A)0 


{X3,X3} =iXi 




Ai^i , Nilpotent 


(2A 


1,1 +2A)i 


{X3,X3}=iXi, {X4,X4}=iX2 


= +A)S) {Ai 


,1 + A), Nilpotent 


{Bi 


B(Ai,i+A)) 


[Xi,X3]=Xi, {X4,X4} = iX2 






((Ai,i +2A)i e Ai,i) 


{Xs,Xs} = iXi, {X4,X4} = iXi 


Nilpotcnt 




((Ai,i +2A)2 e Ai,i) 


{X3,X3}=iXi, {X4,X4} = ~iXl 


Nilpotcnt 




{C\ 

2 


+ A) 


[Xi,X2]=X2, [Xi,X3] = iX3, {X3,X3} = iX2 


= (C\ ) © A 
5 





L is a two-dimensional bosonic Lie algebra and (Ai,i -|- A) is regarded as a subsupcralgcbra of si(l|l) C 



Note that the Lie superalgebras of {2Ai^i + 2AY and {C\ + A) are decomposable Lie superalgebras such 
that in Backhouse's classification [17] have been given in the list of indecomposable Lie superalgebras. 



3.1 The gl{l\l) Lie superalgebra and its automorphism supergroup 

Traditional notation for the {C^i+A) Lie superalgebra is the gl{l\l). The Lie superalgebra is spanned by 

the set of generators {Xi, X2, X3, X4} with grading; grade(Xi) = grade{X2) = and grade{X^) = grade{X4) = 
1, which in the standard basis, fulfill the following (anti) commutation relations 

[Xl,X3]=X3, [Xi,X4]=-X4, {X^,Xi}^X2. (20) 

To obtain the dual Lie superalgebras for the gl{\\l), we need automorphism supergroup of this Lie superalge- 
bra. In order to calculate the automorphism supergroup of the (7^(1|1) Lie superalgebra, we use the following 
transformation 13J: 

X[ = {^\)^ A^'X,, iXiX'^^f^Xl,, (21) 

thus, we have the following matrix equation for the elements of automorphism supergroup [13j 

l^_^yj+,nk ^yk ^st ^ yej^^k^ (22) 

where the indices i and j correspond to the row and column of matrix ^ respectively, and m denotes the 
column of matrix A"* in the left hand side. As the Lie superalgebra is generated by just two bosons Xi and 
X2, every automorphism is determined by the following transformation of the bosons: 

x\^Xi+ aX2, X'2 = bcX2. (23) 

For two fermions X^ and X4, we find that under the above transformation 

X'3 = -bXs, X\ = -CX4, (24) 
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where a € R and b^c ^ R — {0}. Finally, using the Eq. (1221) one can derive the matrix form of automorphism 
supergroup of the Lie superalgebra as follows: 



/ 1 


a 





M 





be 














b 





V 











(25) 



4 The (7/(111) Lie superbialgebras 

To obtain the (7Z(1|1) Lie superbialgebras, we must first solve the Eq. ([SJ for dual Lie superalgebras and Eq. 
(|19p . then, by using automorphism supergroup of the (7^(1 11) Lie superalgebra and the method mentioned in |13j 
we classify the 3/(l|l) Lie superbialgebras. The solutions of super Jacobi (the Eq. ^ for dual Lie superalgebras) 
and mixed super Jacobi (IT5)) identities for dual Lie superalgebras of the .g^(l|l) have the following four forms: 

• Case A : 



?33 _ ?33 ?44 _ ?44 ?23 _ * ?'33 f 24 _ * ?44 
Jl — Jl7 J 1 — J J 4 — TTJ l^ J Z — TiJ 1- 



In this case, the general form of the (anti) commutation relations for Q are as follows: 

[X\ = [X\X^] = {X\ = iaX\ {X\ X^} = ifiX\ Va, /3 G 5R. 

• Case B : 

J 3 — J 3' J A — J 

where the general form of the (anti) commutation relations for Q are given by 

[X^, X^] = aX^, [X^, X^] = I3X^, Va, /3 € 5R. 

• Case C : 

fii _ ?44 ?24 _ * ^44 ?'23 _ ^23 

J 1 ^ J 1' ./ 3 ~ nJ 1' J 3 ~ J 3- 



In this case, the general form of the (anti) commutation relations for Q are as follows: 

[X"^, = aX"^, [X^, X^] = {l^ 1^} - «/3l\ Va, /3 e 5R. 



• Case D : 



f 33 _ f 33 f 23 _ * f33 f 24 _ f2A 
J 1 — J li J 4 — n J 1' J 4 — ./ 4i 



where the general form of the (anti) commutation relations for Q are given by 

[l^l^]=/3l^ [X^,X^]^^X\ {13^x3} = iali, Va,/3e3fi. 

In the following, we find isomorphism matrices C between the above solutions and Lie superalgebras of tables 
I, II and III. In this way, we see that the solutions of super Jacobi and mixed super Jacobi identities for dual 
Lie superalgebras of the 3^(111) are isomorphic to the {C^ + A), (C^^ + A) and (Cg + A) Lie superalgebras of 
table II and the B ® A® Ai,i,Cp © Ai^i and {B ® {Ai^i + A)) Lie superalgebras of table III. 
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The solution of Case A is isomorphic to the (C^ + A), (C^i + A) and (Cq + A) Lie superalgebras such 
that isomorphism matrices C between this solution and the (C^ + ^4) Lie superalgebra are as follows: 



( Cii Ci2 

-ip\c^^ 



V 







^ ,44 

^Ci2C44 



C43 



C44 / 



Ci2,C44 e 3?- {0}; Cii,C43e3?, 



where p\ = p\ = 0, and 



Co 



( 


Cll 


Cl2 


























\ 








C43 






--2^Ci2C43 
C44 



Cl2,C44 e - {0}; Cii,C43e5R, 



where = /^^ = 0. 

Furthermore, the isomorphism matrix related to the (C^i + ^4) Lie superalgebra is given by 

/ Cll C12 






C3 



\ 




i f 

-^Ci2C34 C34 



ci2,C34,C44 e 3?- {0}; Cll e 3?, 



i f 

-^V^Ci2C44 C44 / 



where ~ {-^r-^)^r\ and finally the isomorphism matrix C between this case and the (C^ + A) Lie 
superalgebra is as follows: 



Ca 



( 


Cll 


C12 





' \ 




-*/n(c34^- 


h C44^) 
















^Ci2C44 


C34 


V 








2^Ci2C34 


C44 / 



, C12, C34, C44 e 3? - {0}; Cll e 3?, 



where p\ = -(^)-^. 

The solution of Case B is isomorphic to the B Q) A® Ai^i and C^ Ai^i Lie superalgebras such that 
isomorphism matrices C between this solution and the B (B A® ^1,1 Lie superalgebra are as follows: 

\ 



Ci 



where f'^\ = 0, and 



C2 = 



Cll 


1 

f23 
J 3 








C21 

















C33 














C44 


Cll 


1 

j?24 
J 4 








C21 




















C34 








C43 






C21,C33,C44 G 3? - {0}; Cll G 3?, 



C21, C34, C43 e 3? - {0}; Cll e 3?, 



where p\ = 0. 

The isomorphism matrices related to the C^ ® ^1,1 Lie superalgebras are given by 



C3 



/ Cll 


1 







C21 

















C33 


C34 


V 





C43 


C44 / 



, C33C44 - C34C43 7^ 0; C21 G 3? - {0}; cn G 3?, 
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where p = 1 and 3 = 



/ 


Cll 


p 

£24 
J 4 








\ 




C21 





















C33 







\ 











C44 


/ 



C2i,C33,C44 e K - {0}; Cll e 5R, 



where < |p| < 1 and p\ = pf %, and 



C5 



/ Cll 


p 








C21 




















C34 


V 





C43 






C21, C34, C43 e 3? - {0}; Cll e 3?, 



where < |p| < 1 and f% = pp\. 

The solution of Case C is isomorphic to the {B®{Ax^i+ A)), B® A® Ai^x and {C^ + A) Lie supcralgcbras 
such that isomorphism matrix C between this solution and the {B ® (^1,1 + A)) Lie superalgebra is as 
follows: 

/Cll jir 

Ci= 2/2|c43C44 0' 
C33 

\ C43 C44 / 



C33, C43, C44 e 3? - {0}; Cll e 3?, 



where = ^jr^P%- The isomorphism matrix between this solution and the B(BA(BAi_i Lie superalgebra 
is the same as the isomorphism matrix Ci in the solution of Case B with the same conditions. Furthermore, 
the isomorphism matrix between this solution and the (C^ + A) Lie superalgebra is the same as the 
isomorphism matrix Ci in the solution of Case A with the same conditions. 

TABLE IV. Dual Lie superalgebras to sr/(l|l). 



Trivial 



Nontrivial 



g 


Non-zero (anti) commutation relations 


Comments 


1(2,2) 


All of the commutation relations axe zero. 




B® A® 


[X2,X3] =X3 






S ® A © Ai,i|.M 


[X^,X^] =X^ 










[X^X4] = X4 






[x'\x-^] = x^ 


[X2^X4] = -X-* 




® Ai,i|.j 


[X'\X-''] = 


[X^X*] =pX4 


< IpI < 1 


Cl ®yli,i|.M 




[X2^X4] ^ ijf4 


< IpI < 1 


(B e (Ai,i e A))^.i 


[X^X^] = eX^, 


[X2,X3] = |X4^ {X^^Xi} = ieX^ 






[X2,X3] =eX3, 


[X2,X4] = -|X3^ {X4,X4}=i£Xl 




(C3+A)e.j 


[X2,X4] = fX3^ 


{X4,X4} = -ieXi 


Nilpotent 


{C^ + A),.ii 


[X2,X3] = fx*, 


{X3,x3} = ieXi 


Nilpotent 


(C2 ^ + A).i 


[X2,X^] = ijf*, 


[x^x*l = ix^ {x^x3} = ixi, {x^x''} = -ixi 




{Cl+A).i 




[X2,x*] = -ix3_ {X3,x3} = ixi, {X*,X*} = iXi 





o e = ±1. 



The solution of Case D is isomorphic to the {B®{Ai^\ + A)),B®A®Ai^\ and {C^ + A) Lie superalgebras 
such that isomorphism matrix C between this solution and the {B ® (Ai,i + A)) Lie superalgebra is given 
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by 



/ 


Cll 


1 

r24 
1 4 
































C34 


V 








C43 


C44 



C34, C43, C44 e 3? - {0}; di e 3?, 



where / = —^^f 4- The isomorphism matrix between this solution and the B (B A (B Ai^i Lie 
superalgebra is the same as the isomorphism matrix C2 in the solution of Case B with the same conditions. 
Furthermore, the isomorphism matrix between this solution and the {C^ + A) Lie superalgebra is the same 
as the isomorphism matrix C2 in the solution of Case A with the same conditions. 



Now using the automorphism supergroup of the and the method mentioned in 

gl{l\l) Lie superbialgebras; the results are presented in table IV. 



one can classify all 



5 The gl{l\l) coboundary Lie superbialgebras 

In this section, we determine which of seventeen (/^(1|1) Lie superbialgebras of table IV are coboundary? Note 
that here we work in nonstandard basis, so we omit the coefficient i = ^/—l from all anticommutation relations 
for the (7Z(1|1) Lie superalgebra and its dual Lie superalgebras of table IV. In this regard, we must find r = 
r"^^ Xi ® Xj € Q ®Q such that the super cocommutator of Lie superbialgebras can be written as in the form 
Using Eqs. ^ and we have [20] 



(26) 



where index I corresponds to the row of matrix Xi. Now using the above relations, we can find r- matrix of Lie 
superbialgebras and determine which of the presented Lie superbialgebras in table IV are coboundary. We also 
perform this work for the dual Lie superbialgebras {QtQ) using the following equations as (^5)) [2D] 



y = {xy'f + i-if fx 



(27) 



Among the Lie superbialgebras listed in table IV, only six of them are coboundary and have not coboundary 
duals. The results are presented in table V. 



TABLE V. The (;i(l|l) coboundary Lie superbialgebras. 



Triangular C'^^-i ® Ai.i | .m) 

Quasi-triangular B (B A® 

{gl{l\l),B (B A® Ai^i..ii) 



{gl{l\l),C\ e Ai,i|.ii) 

E 



|Xi A X2 + A Xa 
-iXi AX2 + iXg AX4 



(<?i(l|l),C2^i ffiAi,i|.i) X3AX4 



i^Xi AX2 + i±£X3AX4 
%iXiAX2 + iitlx3AX4 



4X2 AX3 AX4 

-X2 A X3 A X4 
_(li£)!x2 AX3 AX4 
-iiirtix2AX3AX4 



5.1 Super Poisson structures on the GL(1|1) Lie supergroup 

To obtain the corresponding super Poisson structures on the GL(1|1) Lie supergroup, for the coboundary Lie 
superbialgebras of table V we use the Sklyanin superbracket (the graded Poisson r-bracket) provided by a given 
super skew-symmetric r-matrix r — r'^^ Xi® Xj [TllUldn]- For these reasons we need the left and right invariant 
supervector fields with left (right) derivative on the G = GL(1|1) Lie supergroup. To this end, we assume a 
convenient parametrization of the GL(1|1) Lie supergroup by means of exponentiation as follows: 

g = e^-"^^ = e^^i e«^^ e^^^ e^^^ , 5 e G, (28) 
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which results in 





dx 




iL,l) ^ ^ 




-X--- 

dy dip ' 




t 

dx' 




_^ 
dx 


9-0 dx ' ^ dy' 




dy dip' 




_^ 

dx' 




dx' 






dip' 


vW) - 


dy 


dx' 




_^ 
dx' 


V (R.r) _ ^ 

^ " dy' 




dip 




dy 


dx 



(29) 

(30) 
(31) 
(32) 

where iX''^''\Xi'^^'''^) and iX^'^"''\Xi^'^''''^) stand for left invariant supervector fields with left(right) derivative 
and right invariant supervector fields with left(right) derivative, respectively. Introducing the generators 
representing the supergroup parameters, one can define for the functions f{Z^) the graded Poisson r-bracket 
as follows pni: 

{/ , M = {/ , /i}^ - {/ , 



V/,/ieC°°(G), (33) 



aa;'' * ' dx" dxt" ' ' dx'' 

with the following graded anti symmetry property 

{f , h} = -(-lf\\'^\{h, f}. (34) 

Now using the results ([29|) - (|32l) and the r-matrices listed in table V, one can calculate the super Poisson 
structures on the GL(1|1) Lie supergroup. The results are listed in the following table: 



TABLE VI. Poisson superbrackets the triangular and quasi-triangular the coboundary Lie superbialgebras Q = 



(e,e) 


(e,c^=_i ffiAi,i|.ii) 












1 


{^,y}'' 


1 


{x, y} 















{x,'tp} 















{x,x} 







^ 


{?/,^}« 





{y,-^} 


^ 


{y,x}^ 


-X 


{y,x}'^ 





{y,x} 


-X 












{'4>,'4>} 










W,x}« 





{■4>,x} 










{x,x}^ 





{X:X} 





(5,0) 




{g,B e A® At) 


(e,c^=i©Ai,i|.») 


(e,c^©Ai,i|.i) 


p 



















{x,tp} 

















{a^.x} 

















{y,^} 





-V 


-Ip 




p ^ 


{y,x} 


-X 





-x 


-X 


-X 


{i>,i'} 

















{i>,x} 

















{x,x} 
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6 Manin supertriples and Drinfeld superdoubles 



From the Manin supertriples of table IV we see that {gl{l\l),{C^ + ^)eii) and (5f/(l|l),(C^ + A)f^.ii) as 
Lie superalgebras arc isomorphic, and so one can find an isomorphism that preserves also the bilinear form 
< . , . >, so that they belong to the same Drinfeld superdouble. The isomorphism of Manin supertriples 
between {gl{l\l), {C^ + A)f^.i) and {gl{l\l), {C^ + ^)e2.M) is given by the following transformations 

Ti = -Ti + cT2 + dTs, = -uTq, 

T2 = abT2, Tg = -6T5, 

-I3 = ^3, J-7 = -£8, 

ei ei 
T, = eT2 + m + -T,, ^s = -^^- 

where (Ti, ....Ts) arc generators of the Manin supertriple {gl{l\l), (C^ + A)^j^.i) and {T-^^, ■■■,Tg) arc generators 
of the Manin supertriples {gl{l\l), {C^ + A)^^-^)- In same way we get the isomorphism matrices between all 
the Manin supertriples generated by (see, appendix A). Furthermore, we deduce the following theorem: 



Theorem 7 Drinfeld superdoubles generated by the g^(l|l) Lie superbialgebras of the type (4,4) belong to the 
one of the following 6 classes and allows decomposition into all Lie superbialgebras listed in the class and their 
duals. 



^sdf^A) ■ 


^(2.2)) , (gmi), c^=-i © -a) , 




'Dsd^P^^ : 


(c/i(l|l),B© Ae .t), (3Z(1|1),B© A© .M^ 
(gKl|l),C2©Ai,i|.i), (3/(111), C| ©Ai,i|.n), 


, (9;(ili),c^=ieAi,i^.-*), 


T) j3 ei,e2 . 
■^*"(4,4) • 


((/i(l|l), (B ® (Ai,! + .j) , (g«(l|l), (B © H 


- A))ei.u^, ei,e2 = ±1, 


: 


(s/(l|l), + A),, .j), (gZ(l|l), (C3 + , 


ei,e2 = ±1, 


^5^^(4,4) 


(3/(111), (Cii+A).i), 




Ps^ 4) : 


(g/(l|l),(CB+A).j). 





Drinfeld superdoubles generated by the g/(l|l) Lie superbialgebras T> = T>o + T>i, are spanned by the 
generators {Ti,...,Ts), where {Ti, T2, T3, T4} span the subspace Vq of grade 0, and {T5, Tg, T7, Tg} span the 
subsuperspace Vi of grade 1. We give the generators (anti) commutation relations in table VII. Note that no 
one of these Drinfeld superdoubles are isomorphic to the osp{2\2) = sZ(2|l) Lie superalgebra. 
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TABLE VII. Drinfeld superdoubles generated by the Lie superalgebra Q = flr/(l|l). 



i5,G) 



Non-zero (anti) commutation relations 



(S, 1(2,2)) 

(a,-BeAeAi,i|.i) 
(a,BeAeAi,i|.M) 
(a,cj=ieAi,i|.i) 

(g,cl 



e Ai 



(a,(Be(Ai,i + A))e.i) 

(a, (B®(Al,l +A))e.M) 
(5, (C^ + A)e.i) 
(a, (C^ + A)e.M) 



[Tl,T5] = 

{n,T6} 

[Ti,T5 

[75, T4 
[^l.Ts 

[74, Tt 

[Ti,T5 

[74, tt: 

[Ti.Ts 

[74, T7 

[ri,Ts 

[74, Ty 

[ri,T5 

[74, Ts: 
{76, Ts} 

[TuTs 

[T4,T6 

{76, Tg} 
[7-1,75 

{T8,Ts} 
[TuTs 

[75, T4 

[7^1,7-5: 

[7^5, T4: 

{T7,Tr} 

[T5,T4 

{T7,Tr} 



7b, [Ti,T6] = -T6, [Ti,T7] = -r7, [Ti,T8]=r8, [T4,T6]=T8, [T4,T6]=Tr, 
= iT2, {n,Tr} = -iT3, {Te,Ts} = iT3 



n, lTi,Te] = -Te, [Ti.Ty] = -Ty, [Ti,Ts]=T8 
■n-Ts, {T5,Te} = iT2, {Tg.Ty} 



^75, lTi,Te] = -Te, [Ti,Tr] = -Tr, [Ti,Ts]=Ts 

-Ts, {TB,T6} = iT2, {TB,T7} = -iT3, {T6,T8}: 

:-T6, [Ti,Tr] = -Tr, [Ti,Ts]=Ts 
-Ts — Ts, {Tb, Te} = iT2, {Te, T8} = 



n, 


[Ti,Te] 


Tr, 


[7^5, T4] 


75, 


[Ti,T6] 


Tr, 


[75, T4] 


75, 


[Tl,T6] 


7^7, 


[75, T4] 




[ri,T6] 


77, 




T5, 


[Ti,Te] 


78, 


[76, T4] 



[T4,T7] =T7, [T4,r6] =T7, 
(T2-T3), {T6,T8} = ir3 

[74, 76] = T7 — Te, [T4, Tg] = Ts, 
i{T2+T3) 

[T4, T8] = Ts, [T4, Te] = T7 — Te, 

j(T2+T3), {TB,T7} = i(T2-T3) 



:-T6, [Ti,T7] = -T7, [Ti,Ts]=Ts 
■-n-Ts, {T5,Te} = iT2, {n,Ts} -- 

■■-n, [Ti,T7] = -T7, [Ti,T8]=T8 
■n-Ts, {n,T6} = iT2, {n,Ts}-- 



: -Te , [Ti , Tr] = -Tr, [Ti , Tg] = Tg 
:Tb-T8, {T5,Te} = iT2, {Te,Ts} = 

:-Te, [Ti,T7] = -eT6-T7, [Ti,T8: 
: eTe + f Tb - T7, {TB,Te} = m, {Tb.Tt} 
j(eT2+T3), {T7,T7} = ieT3 



[T4, Tg] = -Tg, [T4, Te] = Te + T7, 
-i(T2 - T3), {T5, T7} = i(T2 - T3) 

[T4 , Tg] = pTg , [T4 , Te] = T7 - pTe , 
i{pT2 + T3), {T5,T7} = i(T2 - T3) 



[T4, T8] = iTg, [T4, Te] = T7 - iTe, 
!(^72 + T3), {Tb, T7} = i(T2 - T3) 



7g, [T4,T8] = eTg, [T4,T7] = ^Tg, 
iTs, {Te,T7} = ifT2, 



:T5, [Ti,Te] = -Te, [Ti,T7] = -T7, [Ti,Tg] = -eTe + Tg, [T4, Tg] = -f T7, [T4, T7] = eT?, 



: T7, [Ts, T4] = eT5 - f Te - Tg, {T5, Te} = m, {T5, T7} : 

= iT3, {T8,T8}=i£T3 



i(eT2-T3), {T5,Tg}: 



j72, 



: Tb, [Ti,T6] = -T6, [Ti,T7] = -T7, [Ti.Tg] = T8 + eTe, [T4,T8] = f T7, [T6,T4] 

:fT6-T8, {TB,T6} = iT2, {T5,T7} = -iTs, {7B,T8}=ifT2, {T6,T8} = iT3, 

= -ieT3 



-Tr, 



■ n, [Ti,T6] = -Te, [Ti,T7] = -T7-eT5, [Ti,Tg] = Tg, [T4,T7] = fTg, [Te, T4] = f T5 - T7, 
:-T8, {T5,T6} = iT2, {T5,T7} = -iTs, {Te,Tg} = iT3, {r7, T7} = ieTs, {Te, T7} = if T2 

^7b, [Ti,T6] = -Te, [Ti, T7] = -Tb - T7, [Ti, T8] = Tg + Tg, [T4,T7] = ^Tg, [T4,Tg] = ^Tt, 
:|T6— Tg, [TejTi] = |Tb — T7, {TB,T6} = iT2, {Tb, T7} = — iTs, {T6,T8} = iT3, 

= iTs, {T6,T7} = iTz, {T8,T8} = -iTs, {T6,T8} = iTa 

■n, [Ti.Te] = -Te, [Ti,T7] = -T5 -T7, [Ti, Tg] = Tg - Te, [T4,T7] = |T8, [T4, Tg] = -fTr, 
-7g - ^Te, [T6,T4] = ^Tb — T7, {T5,Te} = iT2, {T5, T7} = — iTs, {Te,Tg} = iTs, 
= iTs, {T6,T7} = iT2 {T8,T8} = iTs, {T5,T8} = -iT2 



7 Integrable system on the (2 1 2)— dimensional homogeneous 
superspace 0Sp{l\2)/U{l) 

In this section, we briefly discuss about the relationship between the GCYBE and the theory of classical inte- 
grable systems and construct a certain dynamical system on the supersymplectic supermanifold OSp{l\2)/U{l). 
We begin by recalling the notion of a completely integrable Hamiltonian system. A Hamiltonian system is mod- 
elled by a Poisson supermanifold Ai ( dimAi is denote by (dsMi^) where dsidp) is the dimension of the bosonic 
(fermionic) part.) and a Hamiltonian H e C°°{M), such that its time-evolution is given by 



Xn = {n, /}, 



(35) 
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where X-u is the Hamiltonian supervector field on Ai correspondmg to H and / e C°°{M). Whenever m(t) 
be any integral curve of X-u, then {df /dt) {m{t)) = {H , f}{m{t)). In particular, an observable / is conserved, 
or a constant of the motion, if {H , /} = 0, or more generally, two observables /i and /2 on a Poisson 
supermanifold M. are in involution if {/i,/2} — 0. Note that every integral curve m{t) of X-^ lies entirely in 
some supersymplectic leaf of A4. Hence, we might as well assume that is a supersymplectic supermanifold. 

Definition 8 The dynamical system defined on a {ds {dp) -dimensional supersymplectic supermanifold A4 (here 
ds and dp are even numbers) by a Hamiltonian % G C°°{M) is completely integrable if there exist n = ^dimM. 
independent conserved quantities fiT-.fn G C°°(A^) in involution. 

We now give a general procedure for constructing completely integrable Hamiltonian systems starting from 
a classical r- matrix. Let be a supermanifold with a non-degenerate supersymplectic form lu, and x'^{fj, = 
1, ...,dimA4) be the locally coordinates of Ai. Consider Poisson super bracket structure on for arbitrary 
functions /(x^) and g{x'^) as [H] 



llL 'li. = 



where lo^^ is the superinverse of the w^iy, 
variables Si(x^), i = 1, ...,dimQ, as 



^x^^ dx 
such that cij^' 



^x^^ dx^ 



(36) 



-( — 1)'^'^ o;"^^. Then, by introducing dynamical 



{Si , Sj} - fij" Sk 



(37) 



and the defining the Lie superalgebra-valued function 



Qix) = {-iyS,ix)r'^ X. 



(38) 



and using the fact that r satisfies the GCYBE, it is concluded that [21] 

{StrliQix))"] , Str[{Q{xy))"']} = 0, < m, n € Z+. 

Therefore, the coefficients 



h{x)^Str [{Q{x)f 



< fc e 



(39) 



(40) 



are regarded as constants of motion of a certain dynamical system. In the following by using the above 
statements we construct an integrable system on a supersymplectic homogeneous superspace. It has been 
shown that OSp{l\2) coherent states are parametrized by points of a supersymplectic supermanifold, namely 
the homogeneous superspace OSp[l\2) /U{1), such that OSp{l\2) /U{1) is a supercoadjoint orbit of 0Sp{l\2), 
i.e., a superunit disc [22j. This superunit disc can be equipped with a supersymplectic even two- form w that is 
given by p2] 



w = —2iT 



|zP) 



dz A dz 



(1 



12^2 



+ ir 



d9 A dO 



irOi 



dz A dd 



# d9 A dz 



(41) 



where r corresponds to each irreducible representation of 05^(112). Here z is a complex number and 9 is 
an odd coordinate, i.e. an anticommuting Grassmann number. Note that z is the usual complex conjugate 
of z while 9"^ is the so-called adjoint of 6 [one can write them in terms of real coordinates x,y and V'lX ^-s 
z — X + iy, 1 — X — iy and 9 — ip + ix, 0"^ = —iiip — *x) |22j.]. 

LOfj^udx^ A dx'^ , one can find the superinverse of the 



Now, using the definition of two-form as ui 
s: 



oj^i, as follows 



_ (-1)^ 

2 



1 

4ir 





2{i-|z|2)-e*eVi-|^|2) 



z6»*(l ■ 





^zeii - \z\^) 





ze{i ~ 



2(1 -kP)- 



-z6»*(l 







2(1 - \zf} - 220' 





(42) 
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Thus, by taking the structure constants of the gl and employing the relations ([55)1 and (157)) we 
then obtain the following system of PDEs 



dSi 


8S2 


8Si 


8S2 


(1 






89 


86* 


^ 89* 


89 




2 




dS2 


8S3 


8S2 


8Ss 


(1 




') 


80 


80* 


89* 


89 




2 




dS2 


8S4 


8S2 


8S4 


(1 






89 


89* 


89* 


89 




2 





-2(l-|zp) 

-2(i-izn 

2(1 -Izp) 



dSidSs ^ dSi 883 
'WW ^ 

8S1 8S4 



89 89* 

f 883884 

['89' 89* ^ 89* 89 



89* 89 

881 884 
' 89* 89 

8S3 8S4 



-ii-\z\'r 
(1 



2\2 



\z\r 

8S3 88; 



1 Obi 


OD2 




Ob2 


\ 8z 


8^ 


8^ 


8 z 


(882 


8S3 


8S2 


883 


\ OZ 


&z 


&z 


Qz 


(882 


8S4 


8S2 


884 


\ 8z 


&z 


dz 


8z 


(8 Si 


883 


881 


8S3 


\ 8z 


8z 


8z 


8z 


(881 


8S4 


8S1 


884 


\ 8z 


&z 


&z 


8z 


(883 


884 


8S3 


884 



\ 8z dz 
(1- 



dz 8z 
?) 883 883 



89 89* 2 8z dz 

884 8S4 (1 - 884 884 



89 89* 



8z dz 



0, 

0, 
0, 

—41x5*4, 
A1T82, 

0, 
0. 



(43) 

(44) 
(45) 
(46) 
(47) 
(48) 
(49) 
(50) 



Here stands for left derivative with respect to x'^. An special class of the solutions for the above equations 
is given by 



8i = 



2iT0*9 



5*2 -T— (1 - \z\ ), 



5*3 — ao9 , 54 — /3o6', 



(51) 



(l-|z|2)' "^^ 2iT 

where ao and /3o are even real and pure imaginary constants, respectively, so ao/3o = iC and C is a real constant. 
On the other hand, among the coboundary Lie superbialgebras listed in table V, only the (gZ(l|l), Cp^_i ® Ai^iyii) 

satisfies the GCYBE, therefore, using the classical r- matrix concerning this Lie superbialgebra (table V), the 
relation ([55)) takes on the following form 

Q = 51X2-^2^1. (52) 
It is easy to verify that the following supermatrices provide a (2|2)-dimensional representation of .gZ(l|l) 



/ n 

On 

n-l 

\ 1 -1 







n + l J 



X2 



/ 

~ie ie 



\ ie 



X3 = 



I 




V 1 






-1 



\ 


00/ 



/ 



^4 = 



-ie 




\ 



\ 





ie j 

-ie 


) 



(53) 



where e and n are real constants. Thus, substituting the above relations into (|52)) and with the help of (|40)). 
we obtain the constants of motion as follows: 



Hx^^) = -c 



on2 

hixn = — 

T 



yy + ei2n+l)i,xi^-x' 



(54) 
(55) 



where x^y^ij} and x ^'^^ the superphase space coordinates. One can consider l2{x^) as the Hamiltonian of the 
system and 13(2;'') as other constant of motion. Note that Ii{x^^) is also vanished. 
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8 Conclusion 



In this paper, we first classified decomposable Lie superalgebras of the type (2, 2). Then, we obtained all 
Lie superbialgebras. In this respect, we determined their types (triangular, quasi-triangular or factorizable) 
and also classified Drinfcld superdoubles generated by the gl{l\l) Lie superalgebra as a theorem. Using this 
classification one can investigate super Poisson-Lie symmetry of the sigma models (specially in the WZW model) 
on the GL(1|1) Lie supergroup. Furthermore, one can construct string cosmology models with super Poisson-Lie 
symmetry [2 3) on the GL(1|1) Lie supergroup. By applying the procedure of constructing integrable systems 
[21] . we found a new integrable system on the supersymplectic homogeneous superspace OSp{l\2)/U{l). Here, 
we have used of the coboundary Lie superbialgebra of the type triangular, i.e., {gl{l\l),Cp^_i © Ai^i^.ii). In 
the same way, one can construct other integrable systems on the OSp{l\2)/U{l) superspace using the classical 
r-matrices concerning the (3|2) and (4|4)-dimensional coboundary Lie superbialgebras [11] [T^]. Some of these 
remarks are under investigation. 
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Appendix A : Isomorphism matrices between the Manin supertriples based on the gZ(l|l) 
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